GENERALIZED RINGS 881 +0-t+0-0 = 2t+0+2t+0 = 0. By direct computation it can be checked that R is (3, 3)-distributive.
Introduction.
Let X denote a Banach space with a denumerable biorthogonal basis {x(/)}, {fi}. Cohen and Dunford [2, Theorem 2] show that a set SEX is conditionally compact (or, equivalently, totally bounded) in X if and only if S is bounded and limn XXi fi(x)%(i) =* uniformly for xES. The purpose of this paper is to show that a modified form of the above condition, one which retains a uniform convergence and boundedness requirement, characterizes the totally bounded sets of a class of Banach spaces which includes the class of those Banach spaces having a basis as a proper subclass.
The author acknowledges helpful comments by B. J. Pettis regarding the main theorem of this paper.
2. Definition of 4-spaces and preliminaries. Throughout the paper X will stand for a real Banach space (5-space). Its zero will be written as 9. The set of positive integers we denote by 7Y. A sequence in X will be represented usually by a single letter 5 and its value at each iEN by s(i). A sequence 5 in X will be called finitely nonzero if and only if s(i) y^9 holds for at most a finite number of iEN. Occasionally when the norm symbol appears in the same expression in different Presented to the Society, January 29, 1958; received by the editors February 10, senses a subscript will be used for clarity, e.g., ||x||x will mean the norm of xEX. Definition 1. For each »GiVwe define a function Tn on the set of sequences in X to the set of sequences in X by (Tn(s))(i) =9 if i>n, and (Tn(s))(i) =s(i) if i =ra, for each sequence s in X and iEN. The function Tn will be called the nth truncation operator. Definition 2. For each nEN we define the function Kn on the set of sequences in X to the set of sequences in X by (KH(s))(i) =6 if i^n, and (Kn(s))(i) =s(i) if i = n, for each sequence s in X and iEN. The function 2£" will be called the nth selection operator. Definition 3. An A -space of X is a real Banach space W(X) whose elements are sequences in X and with addition and scalar multiplication of its elements defined in the usual way for spaces of sequences. Also W(X) satisfies these conditions:
(i) The finitely nonzero sequences in X are elements of W(X).
(ii) There exists M>0 such that for each nEN the wth truncation operator satisfies ||r"(s)|| ^M\\s\\ for all sEW(X).
(iii) Lim" Tn(s) =5 for each sEW(X).
(iv) For each nEN the wth selection operator satisfies ||iC"(s)|| jrfx) = \\s(n)\\x ior all sEW(X). Definition 4. For each nEN we define the wth projection operator Pn on W(X) to X by P"(s) =s(n) ior each sEW(X).
From (iv) of Definition 3 and the continuity of Kn it follows that each projection operator is continuous.
Examples of ^-spaces.
Consider the following three well known 5-spaces corresponding to an arbitrary B-space X. Let c0(X) denote the space of null sequences of X with norm given by sup {||s(i)||: iEN} ior each null sequence s. Let a(X) represent the space of sequences 5 in X such that Ei-i II^Wll < °° an^ with the norm of each 5 given by Ei" i lls(*)||-Let u(X) denote the space of sequences 5 in X such that the series E*= i 5W converges unconditionally and with the norm of each 5 given by sup {|| E<sp s(i)\\: F is finite and FCN}. Each of these spaces is an A -space as may readily be verified.
If W(X) is an A -space of X with X the 23-space of real numbers we shall call W(X) an A-space of the reals. We point out that any B-space with a denumerable basis is isomorphic to an A-space of the reals. Let X be a 23-space with a denumerable basis (x(i)J. Then Each Tn(S) is totally bounded since it is a subset of C" which is totally bounded by Lemma 3. Then using Lemma 2 with Bn = Tn(S)
we conclude that 5 is totally bounded. is bounded and lim" Tn(s) =5 uniformly on S it follows that S is totally bounded, then X has finite dimension.
Proof. Let A be a bounded set in X. By (iv) of Definition 3 5= {sEW(X): s(l) =a for some o£^4 and s(i) =9ili>\ } is bounded in W(X). Since Tn(s) =s for each nEN and sES, lim" Tn(s) =s uniformly on S. Hence, 5 is totally bounded in W(X). Now A is the image of S under the projection operator Pi so A must be totally bounded in X. In particular the unit sphere of X is totally bounded which implies that X has finite dimension. Corollaries 3, 4, and 5 are immediate consequences of Theorem 1 and Corollary 1. By Lemma 4, condition (ii) of Corollaries 3, 4, and 5 is equivalent to "S is bounded" if and only if X has finite dimension. Corollaries 3 and 5 have been stated by Cohen and Dunford [2] for the case X equal to the reals. for all sES, and (ii) the set {s(i): sES} is totally bounded in X for each iEN.
